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Abstract 

In this paper we obtain the asymptotic formulas of arbitrary order for 
the Bloch eigenvalues and Bloch functions of the d-dimensional polyhar¬ 
monic operator L{l,q{x)) = (—A)* + q{x) with periodic, with respect to 
arbitrary lattice, potential q{x), where / > 1 and d > 2. Then we prove 
that the number of gaps in the spectrum of the operator L{1, q(x)) is finite. 
In particular, taking / = 1, we get the proof of the Bethe -Sommerfeld 
conjecture for arbitrary dimension and arbitrary lattice. 


1 Introduction 

In this paper we consider the operator 

L{1, q{x)) = (— A)^ -I- q{x), x G d > 2, Z > I (1) 

with a periodic (relative to a lattice fl) potential q{x) G IV|(F), where 

s > So = ^‘^ 2 ^ + d+2) + + d + 6, F = is a fundamental domain 

of n. Without loss of generality it can be assumed that the measure /i(F) of F 
is 1 and fpq{x)dx = 0. Let Lt{l,q{x)) be the operator generated in F by (1) 
and the conditions: 


u{x -I- w) = Vw G O, (2) 

where t & F* = R'^/F and F is the lattice dual to 12, that is, F is the set of all 
vectors 7 G satisfying ( 7 ,w) G 27rZ for all a; G 12. It is well-known that the 
spectrum of the operator Lt{l, q{x)) consists of the eigenvalues 

Ai(t) < A 2 ( 2 ) < ....The function A„( 2 ) is called n-th band function and its 
range = {A„(t) : t G F*} is called the n-th band of the spectrum Spec{L) of 
L and Spec{L) = The eigenfunction '^n,t{x) of Lt{l, q{x)) correspond¬ 

ing to the eigenvalue A„(t) is known as Bloch functions. In the case q{x) = 0 
these eigenvalues and eigenfunctions are | 7 + 2 and for 7 G F. 
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This paper consists of 4 section. First section is the introduction, where we 
describe briefly the scheme of this paper and discuss the related papers. 

Let the potential q{x) be a trigonometric polynomial 

76Q 

where = {q{x), q(x)e~^^'^^’^^dx, and Q = {7 G F : q^ ^ 0 } 

consists of a finite number of vectors 7 from F. Then the eigenvalue I7 + is 
called a non-resonance eigenvalue if 7 -I- t does not belong to any of the sets 

= {x G :|| a: p — \ x + b P*|<| x 1 “^}, that is, if 7 -I- t lies 
far from the diffraction hyperplanes £>{, = {x G R.'^ :| x p=| x + b p}, where 
«! G ( 0 , 1 ), 6 G Q . The idea of the definition of the non-resonance eigenvalue 
I7 -I- < 1 ^* is the following. If 7 -I- t ^ Wl then the influence of to the 

eigenvalue I7 + is not significant. If 7 -I -1 does not belong to any of the sets 
wl for b G Q then the influence of the trigonometric polynomial q{x) to the 

eigenvalue I7 + is not significant. Therefore the corresponding eigenvalue of 
the operator Lt{l, qix)) is close to the eigenvalue | 7 -|- t p of Lt{l, 0 ). 

If q{x) G IF|(F), then to describe the non-resonance and resonance eigen¬ 
values I7 -I- t| of the order of p^’’ ( written as I7 + t| ~ p) for big parameter p 
we write the potential q{x) G W2®(F) in the form 

q{x)= E ( 3 ) 

7 i 6 r(p“) 

where r(p“) = {7 G F : 0 < | 7 |< p“)}, p = s — d, a = m = d-\- 2 , and 

the relation I7 -I-1 | ~ p means that Cip < |7 + t| < C2p. Here and in subsequent 
relations we denote by Ci (i = 1,2,...) the positive constants, independent on 
p, whose exact values are inessential. Note that q{x) G W^iF) means that 
L7 I <?7 P ( 1 + I 7 P®) < 00. If s > d, then 

Ek7l<C3, sup I E E I 97 1 = ( 4 ) 

7 a:G[ 0 ,l] -,,^r(cip“) | 7 |>C 1 P“ 

i.e., ( 3 ) holds. It follows from ( 4 ) that the influence of X]7^r(cip“) to 

the eigenvalue I7 + is 0 (p“^“). If 7 -I- t does not belong to any of the sets 
01(^2) = {x G :|| X p* - I X -I- 5 p|< C2 I X |“i} for b G F(cip“), 
then the influence of the trigonometric polynomial P{x) = X]7Gr(cip‘») 

to the eigenvalue I7 + is not significant. Thus the corresponding eigenvalue 
of the operator Lt{l, q{x)) is close to the eigenvalue | 7 -I- < p of Lt{l, 0 ). Note 
that changing the values of ci and C2 in the definitions of Wl ^ (02) and P{x) 
we obtain the different definitions of the non-resonance eigenvalues. However, 
in any case we obtain the same asymptotic formulas and the same perturbation 
theory, that is, this changing does not change anything for asymptotic formulas. 
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Therefore we can define the non-resonance eigenvalue in different way. In ac¬ 
cordance with the case of the trigonometric polynomial it is natural to say that 
the eigenvalue I 7 +is a non-resonance eigenvalue if 7 -I-1 does not belong 
to any of the sets Wl^ ^^{ 02 ) for | 6 |< cip| 7 -|-t|“. However, for simplicity, we 
give the definitions as follows. By definition, put at = for k = 1,2, ... and 
introduce the sets 

^ {x G :|| X P' - I X + 71 P'|< n (i?(|p)\i?(ip)) 

7ier(pp“) 

4(p“^p)= U 

7i>72,....7fcer(pp“) 

where R{p) = {x G :| x |< p}, p is a big parameter and the intersection 
in the definition of is taken over 71 , 72 , 7 fc, that are linearly in¬ 
dependent. The set C/*(p“%p) is said to be a non-resonance domain and the 
eigenvalue I 7 + t| is called a non-resonance eigenvalue if 7 + t G C/*(p“\p). The 
domains V^j(p“^) for 71 G r(pp“) are called resonance domains and | 7 +1 
is called a resonance eigenvalue if 7 +1 G (p“0- Remark 1 we will discuss 
the relations between sets Wl^^^{c 2 ) and Vl{p°‘^). 

In section 2 we prove that for each 7 +t G U’’ (p“i, p) there exists an eigenvalue 
Ai\[{t) of the operator Lt{l, q{x)) satisfying the following formulae 

=1 7 + t +Tfe-i (7 + t) + 0(1 7 + t I (5) 

for k = 1 , 2 ,..., [i(p — ^m{d — 1 ))], where [a] denotes the integer part of a, 
Fq = 0, and Ffc_i ( for fc > 1) is explicitly expressed by the potential q{x) and 
eigenvalues of Lt(0). Besides, we prove that if the conditions 

|A^(t)-|7 + tp'|<ip“S ( 6 ) 

| 6 (iV, 7 ) |>c 4 p-^“ (7) 

hold, where c is a positive constant, 

5(IV,^) = (vI/^_,,e*(7+7+), ( 8 ) 

'I'jv,t(x) is a normalized eigenfunction of Lt{l,q{x)) corresponding to A]\[{t), 
then the following statements are valid: 

(a) if 7 + t is in the non-resonance domain, then Aj^{t) satisfies (5) for 
A: = 1, 2,..., [i(p — c)] ( see Theorem 1); 

(b) if 7 + t G EI\EI._^_i, where s = 1, 2,..., d — 1, then 

AAr(t) = Aj (7 + t) + 0(1 7 + t I ^“), (9) 

where Xj is an eigenvalue of a matrix 0(7 + t) ( see (27) and Theorem 2). 
Moreover, we prove that every big eigenvalue of the operator Lt{l,q{x)) for all 
values of t satisfies one of these formulae. 
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For investigation of the Bloch function in the non-resonance domain, in 
section 3 , we find the values of quasimomenta ^ + t for which the corresponding 
eigenvalues are simple , namely we construct the subset B of with 

the following properties: 

Pr.l. If 7 -I- t G then there exists a unique eigenvalue, denoted by 
A(7-|-t), of the operator Lt{l, q{x)) satisfying ( 5 ). This is a simple eigenvalue 
of Lt{l, q{x)). Therefore we call the set B the simple set of quasimomenta. 

Pr. 2 . The eigenfunction d>jv(7-i-q(a;) = 'I'7+t(a^) corresponding to the eigen¬ 
value A(7 -|- t) is close to namely 

+ 0(1 7 + f 1"“^, (10) 

'I'7+t(x) = + <I>fc_i(x) + 0(1 7 + i fc = 1,2,... , (11) 

where d’fc-i is explicitly expressed by q{x) and the eigenvalues of Lt{l, 0). 

Pr. 3 . The set B has asymptotically full measure on and contains the 
intervals {a + sb : s £ [— 1 , 1 ]} such that A(a — b) < , A{a + b) > 

and A(7 -|- t) is continuous on these intervals. Hence there exists 7 -I- t such 
that A(7 + t) = p^b It implies the validity of Bethe-Sommerfeld conjecture for 
L{ 1 , q{x)). These results is proved in section 4 . 

Construction of the set B consists of two steps. 

Step 1 . We prove that all eigenvalues A^r)!) ~ p^’- of the operator Lt{l, q{x)) 
lie in the ei = p~‘^~‘^°‘ neighborhood of the numbers 

Fil+t) =1 7-bt p' +Fk,-i{j+t), Xji'j+t) ( see ( 5 ), ( 9 )), where/ci = [^]+ 2 . 
We call these numbers as the known parts of the eigenvalues. Moreover, for 
j + t £ U^{p°‘^ ,p) there exists satisfying Ajv(t) = F(7 -|- t) -|- 0(^1). 

Step 2 . By eliminating the set of quasimomenta "f + t, for which the known 
parts F^j + t) of Ajv(t) are situated from the known parts F(7 +t), Xj{j +t) 
(7 7) of other eigenvalues at a distance less than 2 ei, we construct the set B 

with the following properties: if 7-|-t G B, then the following conditions (called 
simplicity conditions for A^lt)) hold 

|F(7 + t)-F(7'+t) |>2 £i (12) 

for 7' G Ar\{7}, 'y' +t £ U^{p°‘^ ,p) and 

\ F{'-f + t) — Xj{'-f -l-t)|> 2 ei ( 13 ) 

for 7 G AT, 7 -l-f G j = 1 , 2 ,..., where K is the set of 7 G P satisfying 

I F(7 -I- t)— I 7 +t \^’'\< \p°‘^ ■ Thus we define the simple set B as follows 

Definition 1 The simple set B is the set of 

X £ ,p) n (i?(|p — p“i“^)\i?(ip-I- p“^“^)) such that x = j + t, where 

7 G r,t G F*, and the simplicity conditions ( 12 ), ( 13 ) hold. 
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As a consequence of these conditions the eigenvalue AAr(t) does not coincide 
with other eigenvalues. To prove this, namely to prove the Pr.l and (10), we 
show that for any normalized eigenfunction corresponding to the 

following equality holds: 


^ |6(iV,7') |"=O(p-2“0- (14) 

7'6r\7 


The listed all results ( division the eigenvalues I7 + for big 7 G F, into 
two groups: non-resonance ones and resonance ones, the proof of the formulas 
(5), (9), construction and investigations of the simply set B, the proof of the 
asymptotic formulas (11) for Bloch function and implication the proof of the 
Bethe-Sommerfeld conjecture for arbitrary dimension and arbitrary lattices from 
these formulas ) for the first time were obtained in papers [12-14,16] for the 
Schrodinger operator L{1, q{x)). For the first time in [12-14] we constructed the 
simple set B with the Pr.l and Pr.3., though in those papers we emphasized 
the Bethe-Zommerfeld conjecture. Note that for this conjecture and for Pr.l, 
Pr.3. it is enough to prove that the left-hand side of (14) is less than | ( we 
proved this inequality in [12-14] and as noted in Theorem 3 of [13] and in [16] 
the proof of this inequality does not differ from the proof of (14)). From (10) 
we got (11) by iteration (see [16]) . The enlarged form of this results is written 
in [15],[18],[19]. 

The main difhculty and the crucial point of papers [12-14] were the construc¬ 
tion and investigations of the simple set B of quasimomenta in neighborhood of 
the surface {7 -I- t € ,p) : F{'j + t) = p^}. This difficulty of the pertur¬ 

bation theory of L{1, q{x)) is of a physical nature and it is connected with the 
complicated picture of the crystal diffraction. If d = 2,3, then F{'-f+t) =\ 'j+t [^ 
and the matrix C{”f + t) corresponds to the Schrodinger operator with direc¬ 
tional potential q-y^{x) = [13]). So for construction of 

the simple set B of quasimomenta we eliminated the vicinities of the diffraction 
planes and the sets connected with directional potential ( see (12), (13)). Be¬ 
sides, for nonsmooth potentials q{x) G L2(R^/fl),we eliminated a set, which is 
described in the terms of the number of states ( see [12,17]). The simple sets 
B of quasimomenta for the first time are constructed and investigated ( hence 
also the main difhculty and the crucial point of perturbation theory of L{l,q) 
is investigated) in [13] for d = 3 and in [12,14] for the cases: 

1. d = 2, q{x)GL2{F) ■ 

2. d > 2, q{x) is a smooth potential. 

Then, Yu.E. Karpeshina proved ( see [6],[7],[8]) the convergence of the per¬ 
turbation series of L{l,q) with a wide class of nonsmooth potentials q{x) for a 
set, that is similar to B, of quasimomenta in the cases: 

1. 2/ > d; 2. 41 > d+ 1, {21 < d); 3. d = 5,1 = 1, and using it she proved 
the validity of the Bethe-Sommerfeld conjecture in these cases. In papers 
[2,3] asymptotic formulas for eigenvalues and Bloch function of two and three 
dimensional operator Lt{l, q{x)) were obtained. In [4] asymptotic formulae for 
non-resonance eigenvalues of Lo{l, q{x)) were obtained. 
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For the first time M.M. Skriganov [10,11] proved the validity of the Bethe- 
Sommerfeld conjecture for the Schrodinger operator for dimension d = 2,3 for 
arbitrary lattice, for dimension d > 3 for rational lattice, and for the operator 
L{1, q{x)) for 21 > d. The Skriganov’s method is based on the detail investigation 
of the arithmetic and geometric properties of the lattice. B.E.J.Dahlberg and 
E.Trubowits [1] using an asymptotic of Bessel function, gave the beautiful proof 
of this conjecture for the two dimensional Scrodinger operator. B. Helffer and 
A. Mohamed [5], by investigations the integrated density of states, proved the 
validity of the Bethe-Sommerfeld conjecture for the Scrodinger operator for 
d < 4, for arbitrary lattice. Recently Parnovski and Sobelev [9] proved this 
conjecture for the operator L{1, q{x)), for 8/ > d + 3. 

The method of this paper and papers [12-14] is a first and unique, for the 
present, by which the validity of the Bethe-Sommerfeld conjecture for arbitrary 
lattice and for arbitrary dimension is proved. For the operator L{l,q), in order 
to avoid eclipsing the essence by technical details, we assume that Z > 1. It can 
be replaced by I > Ug^d , where ns,d < 1 and depends on the smoothness s of 
the potential q{x) € IF|(K.'^/f2) and the dimension d . 

In this paper for the different types of the measures of the subset A of 
we use the same notation id{A). By | A | we denote the number of elements of 
the set A C F and use the following obvious fact. If a ~ p, then the number of 
elements of the set {j + t : 7 G F} satisfying || 'y + t | —a |< I is less than 
Therefore the number of eigenvalues of Lt{l, q) lying in 
is less than Besides, we use the inequalities: 

Q!i -I- da < 1 — a , da < ^^d: ^1 < 3 ~ ~ 1))) (15) 

PiOii > pa, ikia > d + 2a, ak + {k — I)a < I, 
ttfc+i > 2{ak + (fc - I))a 

for fc = I, 2,..., d, which follow from the definitions p = s — d, au = 3^a, a = ^, 
m = + d -\- 2, ki = [^] -I- 2, Pi = [|] -|- I of the numbers p, m, a^, a, A:i,pi. 

2 Asymptotic Formulae for Eigenvalues 

In this section we obtain the asymptotic formulas for the eigenvalues by iteration 
of the formula 


(A^_ I ^ t 7) = {^MA^)q{x), (16) 

where 7-|-t G C/^(p“Ep) and b{N,j) is defined in (8). Introducing into (16) the 
expansion (3) of q{x), we get 

(A^,- |7 + t |2')&(iV,7)= ^ q^XN,j-^,) + 0{p-n- (17) 

7i6r(p“) 
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From the relations ( 16 ), ( 17 ) it follows that 


.;x (^jv,tg(x),e^(T' +*’^)) ^ q-,,h{N,l' -li) p/ -pcN /.ON 

0(N,^ ) ^ I , J. \9.l / . A I , j- \9l ^yP ) ( 1 °) 


Aat- I 7' + ^ 


7i6r(p“) 

for all vectors 7 G F satisfying the inequality 


Aat- I 7' + ^ 


Aw-I 7 +tn>-p‘^\ 


If (6) holds and 7 + t G U'‘{p°'^,p), then 


( 19 ) 


7 + tP'-| 7 - 7 i+in>p“S 


An- I 7-71 + i P'l> 2^“' 


( 20 ) 


for all 71 G T{pp°‘). Hence the vector 7—71 for 7+t G U{p°‘^,p) and 71 G T{pp°‘) 
satisfies ( 19 ). Therefore, in ( 18 ) one can replace 7 by 7 — 71 and write 


6(iV,7-7i)= 


72er(p“) 


g72^(A^>7-7i - 7 2 ) 
An- I 7 - 7 i + ^ 


12 / 


o{p- 


■pa\ 


Substituting this for b{N,j — 71) into the right-hand side of ( 17 ) and isolating 
the terms containing the multiplicand b{N, 7), we get 


7l.72Gr(p“) 


E 


971 P b{Nn) 


E 


An- I 7 - 7 i + i 

971972^^^,7-71-72) o{p-P°‘) 


„ Am-I 7-71-tt |2' Cl Am-I 7-71 +^, 

7iel(p ) 7 i,72G1(p ), 

71+72710 

since =1 971 P for 7i + 72 = 0 and the last summation is taken under 

the condition 71 -I-72 ^ 0 . Repeating this process pi = [|] -|- 1 times, i.e., in the 
last summation replacing b{N, 7 — 71 — 72) by its expression from (18) ( in (18) 
replace 7 by 7 — 71 — 72) and isolating the terms containing &(iV, 7) etc., we 
obtain 

(Am- I 7 + f f)KN, 7 ) = Ap, (Am, 7 + mN, 7 ) + + 0(p-^’“), ( 21 ) 

where (Am, 7 + 0 = YlLi Sk{AN, 7 + 0 1 


-S'fc(AM,7 + f) = E 


971972 • -Aik 9 —71 —72—■ ■ ■ — 7 ic 


Cp, = 


E 

7i,...,7pi+ier(p“ 


97 i 972 ... 97 p,+i&( 1 V, 7 - 7 i -72 - ...- 7 pi+i) 

mii(Aw -|7 + f-ELi 7 iP) 
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Here the summations for Sk and Cp^ are taken under the additional conditions 
7 i + 72 + + 7 s 7 ^ 0 for s = and s = respectively. These 

conditions and the inclusion 7^ S r(p“) for i = 1 , 2 , imply the relation 
€ T{pp°‘). Therefore from the second inequality in (20) it follows that 
the absolute values of the denominators of the fractions in Sk and Cp-^ are greater 
than and ( 7 / 9 “^^^ respectively. Hence the first inequality in (4) and 

PiC(i > pa ( see the fourth inequality in (15)) yield 

Cp,=0{p-P^^^) = 0{p-n, ^fc(A^,7 + t)=O(p-'=“ 0 ,Vfc=l, 2 ,...,pi. ( 22 ) 

Since we used only the condition ( 6 ) for Ajv, it follows that 

^fc(a ,7 + t) =0(p-'=“i) (23) 

for all a e R satisfying | a— | 7 +1 ^^“7 Thus hnding N such that A^r is 

close to I 7 + t and b{N,j) is not very small, then dividing both sides of (21) 
by &(7V, 7 ), we get the asymptotic formulas for A^. 

Theorem 1 (a) Suppose j + t G U\p°‘^,p). If ( 6 ) and ( 7 ) hold, then An sat¬ 
isfies formulas ( 5 ) for k = 1,2, ..., [i(p — c)], where 

F, = O(p-“0,Vs = 0,l,..., (24) 

and Fq =0, Fs = 7 + t p' +Fs_i ,7 + t) for s = 1 , 2 ,.... 

(5) Forj + t G U\p°‘^,p) there exists an eigenvalue An of Lt{l,q{x)) satis¬ 
fying ( 5 ). 

Proof, (a) To prove (5) in case fc = 1 we divide both side of (21) by h{N, 7 ) 
and use (7), (22). Then we obtain 

Aat- |7 + t P = O(/9-“0- (25) 

This and oi = 3a ( see the end of the introduction) imply that formula (5) 
for fc = 1 holds and Fq = 0. Hence (24) for s = 0 is also proved. Moreover, 
from (23), we obtain Sk{\ 7 +1 P* + 0 (p““i ),7 + t) = 0{p~°‘^) for k = 1 , 2 ,.... 
Therefore (24) for arbitrary s follows from the definition of Fg by induction. 
Now we prove (5) by induction on k. Suppose (5) holds for k = j, that is, 

Aw =1 7 +t P +Ffc_i( 7 +t)+ 0 (p“^^“). Substituting this into (Aw, 7 +t) 
in (21) and dividing both sides of (21) by b{N,j), we get 

Aw =1 7 + i P' +Ap,(I 7 + f I"' +Fj-i + 0(p-^“i ),7 + t)+ 0(p-(^’-^)“) = 

I 7 + t P* +{Api (I 7 + f +Fj-i + 0{p ■’“^), 7 + t)— 

Api( I 7 + ^ 1^*+-fj'-i)7 +0} + Apid 7 + t 1^*+Fj_i,7 + t) + 0(p ‘^^“). 

To prove (a) for /c = j + 1 we need to show that the expression in curly brackets 
is equal to O{p~^d+^)o‘iy It can be checked by using (4), (20), (24) and the 



obvious relation 


1 

0^=1 (I 7 + i P' +Pj-1 +0(p-J“i)- I 7 + i-Ei=i7i PO 

1 

nj=i(i 7+i p' +Fj-i- \ po 

=_ i _(_ i _ 1 ) 

n;=i(i 7+i p' +F,-i- 17+1 - e:=i 7. pp ^ i - oip-u +^)-^) ^ 

= for s = 1,2, ...,pi. 

(5) Let A be the set of indices N satisfying (6). Using (16) and Bessel 
inequality, we obtain 


^ |5(1V,7) P= ^ I 

Ni^A NfA 


(^jv(x),g(cc)e-(T'+*’")) 

An- I 7 + ^ P' 


p=o(p-2-) 


Hence, by the Parseval equality, we have ^ngA I 7 ) P= This 

and the inequality | 7l |< ( see the end of the introduction) 

I / XI 1/ si (d—l)m 

imply that there exists a number N satisfying | 5(1V, 7 ) |> 2 (^ 5 )” P ^ “i 

that is, (7) holds for c = _ Thus An satisfies (5) due to (a) ■ 

Theorem 1 shows that in the non-resonance case the eigenvalue of the per¬ 
turbed operator Lt(l, q{x) ) is close to the eigenvalue of the unperturbed operator 
Lt{l,0). However, in Theorem 2 we prove that if 7 -|-t G for 

k > 1, where 71 , 72 , •■•, 7 fc are linearly independent vectors of r(pp“), then the 
corresponding eigenvalue of Lt{l,q{x)) is close to the eigenvalue of the matrix 
constructed as follows. Introduce the sets: 

Bk = Hfe(7i,72, ...,7fc) = {b:b = nai,ni £ Z,\b\< ip5“'=+i}, 

Bkipf At) = ')/ + t + Bk = {'y + t + b : b £ Bk}, (26) 

Bk{y + t,pi) = {y + t + b + a : b £ Bk,\ a \< pip°‘,a £ T}. 

Denote by hi + t for i = 1, 2,..., bk the vectors of Bk{y + t,pi), where 
bk = bk{yi,y 2 , ■■■,1k) is the number of the vectors of Bk{y -|- t,pi). Define 
the matrix C{y A ^, 71 , 72 , ■••,7fc) = {ci,j) by the formulas 

Ciy =1 hi A t \ , Ci^j = qii^—hj, Vz ^ j, (2^) 

where i,j = 1,2, ...,bk^ 

Using the mean value theorem it is not hard to see that if 
X £ I X |~ p, 7 i G r, I X -I- 7i |~ p, then 

I X p' - I X + 71 p'= a2('-i)(| X p - I X + 71 p) (28) 

where a ^ p. Therefore for I > 1 and fc = 1, 2,... , we have 

(ntiU4(p“'=)) c ntiu;^(p“'=)), (29) 
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C/l(p“^p) C c/'(p“^p) (30) 

Taking into account this, we consider the resonance eigenvalue | 7 + t for 
7 + t G (/?“'=)) by using the following lemma. 

Lemma 1 If j + t e h + t e Bkij + t,pi), 

(/i - 7 +t) ^ Bk{"i + t,pi), then 

II 7 + t P' - I / 1 - 7 ' -7i -72 - ... - 7 I + i P'l> (31) 

wftere 7 G r(p“), 7 ^- G r(p“), j = 1, 2,..., s and s = 0,1, — 1. 

Proof. The inequality p > 2 pi ( see the end of the introduction) and the 
conditions of Lemma 1 imply that 

h-j' -^[-^2-...-^'s + t G Sfc (7 + t,p)\Bfc (7 + t) for all s = 0,1, ...,pi - 1. 
It follows from the definitions of Bk{j + t,p), Bk that ( see (26)) 
h — 7 — 7 j^ — 72 — ... — 75 +t = 7 + t + 5 + a, where 

I b \< I a l< ^ + t + b + a^'^ + t + Bk. (32) 

Then (31) has the form 

II 7 + t + a + 5 p' - I 7 + t |2'|> (33) 

5 

It follows from (28) that, to verify (33) it is enough to prove it for I = 1. To 
prove (33) for ? = 1 we consider two cases: 

Case 1. a G P, where P = Span{'ji^'j2, •■•, 7 fc}- Since b G Bk C P, we have 
a + 5 G P. This with the third relation in (32) imply that a + 5 G P\Bk ,i.e., 

I a + 5 |> i p 2 “fc+i. Consider the orthogonal decomposition ^ + t = y + voi 
7 + t, where v G P and y-LP. First we prove that the projection v of any vector 
X G on P satisfies 

I w 1= 0(p('=-i)«+«*^). (34) 

For this we turn the coordinate axis so that 5 pan{ 7 i_ 72 , coincides with 

the span of the vectors ei = (1,0, 0,..., 0), 62 = (0,1, 0,..., 0),..., Cfc. Then 
7s = X)^=i7s,i6* s = 1,2, ...,fc . Therefore the relation x G 
implies that 


k 

^ ) ^s,iXi — tDi^p ),s — 1,2, x^n 

i=l 


det(6",) 
det(7j,i) ’ 


n = 1 , 2 , ...,fc. 


where x = {xi, X 2 , ■■■, Xd),jj = ( 7 ^. 1 ,7i.2, 7i.fe: 0 , 0 > 0 ), bf^ = 7^7 for j 

and 6 ”^ = 0{p°‘^) for n = j. Taking into account that the determinant det( 7 jy) 
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is the volume of the parallelepiped ^* 7 * ■ ^ [ 0 , 1 ], t = l, 2 ,...,fc} and 

using I jj^i \< ( since jj G r(pp“) ), we get the estimations 

a:„ = ,Vn = l,2,...,fc; \fx e (35) 

Hence (34) holds. Therefore, using the inequalities | a + 5 |> 5 ( see 

above), au+i > ‘2{ak + {k — l)a) ( see the seventh inequality in (15)), and the 
obvious equalities {y, v) = {y, a) = {y, b) = 0 , 

\j + t + a + b\'^-\j + t p=| a + 6 + u p - I u P, (36) 

we obtain the estimation (33). 

Case 2. a ^ P. First we show that 

II 7 + t + a - I 7 + t |2|> ^“*^+7 (37) 

Suppose, to the contrary, that it does not hold. Then j + t G V^{p°‘’’+^). On the 
other hand 7 + t G 0fL]^l7((p“*'+i) ( see the conditions of Lemma 1). Therefore 
we have 7 +t G which contradicts the conditions of the lemma. Hence (37) 
is proved. Now, to prove (33) we write the difference |7 + t + a + 5p — |7 + tp 
as the sum of di =\ ^ + t+a + b p — | ^+t+b p and c ?2 =| 7 + t + 6 P — | 7 +t P . 
Since di =| 7 + t + a p — | 7 + t P +2(a,5), it follows from the inequalities 

(37) , (32) that | di |> | p“'=+L On the other hand, taking a = 0 in (36), we 

have d 2 =\b -\- V \^ — \ V . Therefore (34), the first inequality in (32) and the 
seventh inequality in (15) imply that | d 2 |< | | di | — | ^2 |> 

that is, (33) holds ■ 

Theorem 2 (a) Suppose j + t G where k = l,2,...,d—1. 

If (6) and (7) hold, then there is an index j such that 

Aw(t) = A ,(7 + <) + (38) 

where Ai (7 + t) < A 2(7 + t) < ... < + t) the eigenvalues of the matrix 

C (7 + t, 71 , 72 , ..., 7 fc) defined in (27). 

(b) Every eigenvalue Aiv(t) of the operator Lt{l,q{x)) satisfies either (5) or 

(38) for c = 21^. 

Proof. (a)Writing the equation (17) for all hi + t G Bki.'y + t,pi), we obtain 
iAN-\h,+t\'^^)biN,h,)= Y. qpb{N,h,-j') + Oip-n (39) 

7'Gr(p“) 

for i = 1, 2,..., bk ( see (26) for definition of 5^,(7 + t,pi)). It follows from (6) 
and Lemma 1 that if {hi — j +t)^ Bkij + t,pi), then 

I An- I d, - 7 ' - 7i - 72 - ... - 7 s +t P'|> 

6 
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where 7 ' G r(p“), 7 j G r(p“), j = 1,2, ...,s and s = 0,1,...,pi — 1. Therefore, 
applying the formula (18) pi times, using (4) and piak+i > piai > pa ( see the 
fourth inequality in (15)), we see that if {hi — j + t) ^ Bkil + t,pi), then 

b{N, hi-j) = 


9~(iQ 72 ■■■9~fp„b{N, hi 7 ^ /^q-, 

n^io^(AA.- \h.-l'+t- ELi 7. P') 

+0{p-P°‘) = 0(pPi“*^+i) + 0(p-P“) = 0(p-P“). 

Hence (39) has the form 

(A^- \h, + t f^)b{N, hi) = Y, Qj'HN, h,-j') + 0(p-P“), t = 1 , 2 ,..., bk, 

7' 

where the summation is taken under the conditions 7 G r(p“) and 
hi — j + t G Hfe (7 + t,pi). It can be written in matrix form 

{C - ANl){b{N, hi), b{N, h2), ...b{N, hb,)) = 0{p-P^), 

where the right-hand side of this system is a vector having the norm 
|j 0{p~P°‘) 11= 0{\/bkP~P°‘). Now, taking into account that 
7 -I-1 G {hi + t : i = 1,2, ..., b^} and (7) holds, we have 


bk 

C4p-“ < (^ I b{N, hi) <11 {C - A^/)-i II ^/^C6p-^’“, (41) 

max I A^-Ai |-i = || (C-A^/)-i ||>C 4 C 6 -i 6 “V-=“+P“. (42) 

i=l,2,...,bk 

Since 5^, is the number of the vectors of ( 7 - 1 - 1 , pi), it follows from the definition 
of i 3 fe (7 -I- t,pi) ( see (26)) and the obvious relations | Bk |= 0(p4“'=+i), 

I r(pip“) 1 = 0{p‘^°‘) and da < ^ad ( see the end of introduction), we get 

bk = Ci(p‘^“+^“'=+i) = 0{pi°“^) = 0(p^3"“),Vfc = 1,2, ...,d-l (43) 

Thus formula (38) follows from (42) and (43). 

( 6 ) Let Ajv (t) be any eigenvalue of the operator Lt{l, q{x)) such that 

G (fp, |p). Denote by D the set of all vectors 7 G T satisfying ( 6 ). 
From (16), arguing as in the proof of Theorem 1(6), we obtain 

J2-y^D I P= 1 ~ 0(p“^“^). Since | D \= 0{p'^~^) ( see the end of the 

introduction), there exists 7 G D such that 

I b{N,^) |> C 7 p~^~^ = C 7 p~~ 2 ^“, that is, condition (7) for c = 
holds. Now the proof of ( 6 ) follows from Theorem 1 (a) and Theorem 2(a), since 
either 7 -I-1 G U^{p°‘^ ,p) or 7 -|-1 G for fc = 1, 2, ...,d— 1 ( see (46)) ■ 
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Remark 1 Here we note that the non-resonance domain 

U\ciip°‘\p) = (R(|p)\i?( 5 P))\U 7 ier(pp»)^ 7 i(c 8 / 3 “ 0 , where 
V"4(c8P“0 = {w :|| a; P' - I x + 7 i p'|< csp"^} n (i?(|p)\i?(i/ 9 )), has an 
asymptotically full measure on in the sense that tends to 1 as p 

tends to infinity, where B{p) = {x € R.'^ :| x |= p}- By (SO) it is enough to prove 
this for I = 1. Clearly, B{p) D VJ,^(c 8 p“^) is the part of sphere B{p), whieh is 
contained between two parallel hyperplanes 

{x :| X p — I X + 6 p= —Cgp"^} and {x :| x p — | x + 5 p= cgp"^}. The 
distanee of these hyperplanes from origin is 0{n^). Therefore, the relations 
I T{pp°‘) 1 = and ai-\-da <1 — a ( see the first ineguality in (15)) imply 

„ai +d —2 

p{B{p) n n'(c 8 P“^)) = p{El n B{p)) = (44) 

P(C/1(C8P“\P) n B{p)) = (1 + 0{p-<^))p{B{p)). (45) 

If X G (p“‘^), then (35) holds for k = d andn = l,2,...,d. Henee we have 

I X 1= 0(p“‘*“''^‘^“^^“). It is impossible, since aa-I {d — l)a < 1 ( see the sixth 
inequality in (15)) and x G B{p). It means that (n)L^T4y^. (p“'‘)) n B{p) = 0 for 
p^ 1. Thus for p^ 1 we have 

R{lp)\Rilp) = {U\p^Cp) U {ctl{El\El^,))). (46) 

Note that everywhere in this paper we use the big parameter p. All considered 
eigenvalues I7 + tf'^ of Lt{l, 0 ) satisfy the relations \p < I7 + ^| < |p- Therefore 
in the asymptotic formulas instead of 0{p°') one ean take 0(|7 + t|“). For 
simplicity, we often use 0{p°‘). It is clear that the asymptotic formulas hold true 
if we replace U\p°‘^ ,p) by U\c^p°‘^ ,p), where instead of c^ one can write ^ or 
Since V({^p°'^) C (i?(|p)\i?(ip)) n W), C k)((|p“i), in all considerations 
the resonance domain V(;{p°^^) can be replaced by ^^^^( 1 ) H (i?(|p)\i?(^p)). 

Remark 2 Here we note some properties of the known part 

I 7 + i P* +Ffe (7 + t) (see Theorem 1) of the non-resonance eigenvalues of 
Lt{l,q{x)). Denoting j -\-1 by x , where j-\-1 G {p°'^ , p) , we prove 

= 0 (p 2 - 2 i- 2 ai+a)^ y. = 1 , 2 ,..., rf; Vfc = 1, 2, ... (47) 

by induction on k. Using (28) one ean easily verify that z/ | x |~ p, and 
X G C/^(p“%p), that is, if x ^ V'.y\(p“^) /or 71 G T{pp°‘), then 

I^P'-U-71 r~p^'-^(|xp-|x-7i n, 

I ^ - I X - 71 P^^-H\ X p - I X - 71 n, 

II X p - I X - 7i p|> p“S 
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1 


_ 

dxi I 2 ; |2/ _ I J, _ |2i 


2 lXi{\ 


- I X - 71 


X |2' - I X-71 |2')2 


^) + 


(48) 


271 (*) I a;-7i P' 2 
(I X |2' - I X-71 |2')2 


0(p2-2'-2«l+«)^ 


where ( 71 ( 1 ), 71 ( 2 ), ..., 7 i((i)) = 71 G r(pp“) and hence 7 i(i) = 0{p°‘). Now 
( 47 ) for k = 1 follows from (4) and (48). Suppose that (47) holds for k = s. 
Using this and (24), replacing | x p by \ x p +Fs{x) in (48), and evaluating 
as above, we obtain 


A(_ 

dxj M X |2* 


1 


+Fs(x)- I X - 71 |2' 

dF,i. 


) = 


Oip 


‘2,1 —2 — -\-ct 


)- 


dxi 


X |2' +Fs- I X - 71 |2')2 

(7(p2—2i—2ai+a^ _|_ Q^^2-2i-4ai+a^ _ Q^p2-2l-2ai+a-^ 

This formula with the definition of F^ implies (47) for k = s + 1. 


3 Asymptotic Formulas for Bloch Functions 


In this section using the asymptotic formulas for the eigenvalues and the sim¬ 
plicity conditions (12), (13), we prove the asymptotic formulas for the Bloch 
functions with a quasimomentum of the simple set B. 

Theorem 3 Ifj + tGB, then there exists a unique eigenvalue Ajv(t) satisfying 
(5) for k = 1,2, where p is defined in (3). This is a simple eigenvalue 

and the corresponding eigenfunction ’^Ntix) of L{l,q(x)) satisfies (10) if 
q{x) G W^°{F), where sq = ^(3-^ + d + 2)F ^^3^ + d + &. 

Proof. By Theorem 1(b) if 7 -I- t G B C U^{p°'^,p), then there exists an 
eigenvalue Ajv(t) satisfying (5) for A: = 1, 2,..., [i(p — ^m{d — 1))]. Since 

ki = [^] -f 2 < |(p — ^m{d — 1)) (see the third inequality in (15)) formula 
(5) holds for k = ki. Therefore using (5), the relation 3fcia > d -I- 2a ( see the 
fifth inequality in (15)), and notations F{"f + t) =\ + t |2* -|-Ffcj_i (7 -I- t), 

El = p~‘^~'^°‘ ( see Step 1 in introduction), we obtain 

KN{t) = F{'^+ t) + o{ei). (49) 

Let dtjv be any normalized eigenfunction corresponding to Ajv. Since the nor¬ 
malized eigenfunction is defined up to constant of modulus 1 , without loss of 
generality it can assumed that arg 6 (iV, 7 ) = 0, where &(7V, 7 ) = ('I'Ar, 
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Therefore to prove (10) it suffices to show that (14) holds. To prove (14) first 
we estimate I Pand then E-y'GA:\{T,} I P: where K is 

defined in (12), (13). Using (102), the definition of K, and (16), we get 

I Ajv-h' + i P'l> VV (50) 

^ I b{N,j') p=|| g(x)4/^, f 0(p-2“^) = 0(p-2“^). 

If 7 & K , then by (49) and by definition of K, it follows that 

|A^,-|7'+in<ip“^ (51) 

Now we prove that the simplicity conditions (12), (13) imply 

|6(iV,7')l<C4p-“, V7 'gX\{7}, (52) 

where c = p — dm — jd3‘^ — 3. The conditions 7 G K, j + t G B and (24) imply 
the inclusion j' + t G R{^p)\R{^p). If for 7' +1 G U^{p°‘^ ,p) and 7' G K\{'^} 
the inequality in (52) is not true, then by (51) and Theorem 1(a), we have 

Aat =1 7 + tP+Tfc_i (7 + t) + 0{p ^^“) (53) 

for fc = 1,2,..., [i(p — c)] = [^{dm + \d3‘^ + 3)]. Since « = and 

ki = [^] + 2 < ^{dm + \d3'^ + 3), the formula (53) holds for k = ki. 
Therefore arguing as in the prove of (49), we get Rn — ^’(b +t) = o{ei). This 
with (49) contradicts (12). Similarly, if the inequality in (52) does not hold for 
7 +1 G and j G K, then by Theorem 2(a) 

An = A,(7' + t) + 0(p-(P-"-3‘^3Ua)^ (54) 

where {p — c — ^d3'^)a = {dm + 3)a > d + 2a . Hence we have 

An — Xjij + t) = o{ei). This with (49) contradicts (13). So the inequality 
in (52) holds. Therefore, using | K |= 0{p‘^~^), ma = 1, we get 

I b{N,j') P= 0(p-(2=-<?(<i-l))a) = (7(p-(2p-(3d-l)g-id3"-6 )a)_ (55) 

7'GAr\{7} 

If s = So, that is, p = sq — d, then 2p — {3d — l)m — ^d3‘^ — 6 = 6. Since 
ai = 3a, the equality (55) and the equality in (50) imply (14). Thus we proved 
that the equality (10) holds for any normalized eigenfunction Tjv corresponding 
to any eigenvalue An satisfying (5). If there exist two different eigenvalues or 
multiple eigenvalue satisfying (5), then there exist two orthogonal normalized 
eigenfunction satisfying (10), which is impossible. Therefore An is a simple 
eigenvalue. It follows from Theorem 1(a) that An satisfies (5) for fc = 1, 2,..., [|], 
since the inequality (7) holds for c = 0 ( see (10)). ■ 
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Remark 3 Since for 7 + t G i? there exists a unique eigenvalue satisfying 
(5), ( 49 ) we denote this eigenvalue by A(7 + t). Since this eigenvalue is simple, 
we denote the corresponding eigenfunction by By Theorem 3 this 

eigenfunction satisfies (10). Clearly, for 7 + i G S there exists a unique index 
N = N(y + t) such that A(7 + t) = o^nd 'I'-y+t(x) = 'I'Ar(^+t)(a;)). 

Now we prove the asymptotic formulas of arbitrary order for 


Theorem 4 //y + t G -B, then the eigenfunction = 4'7v(7+t)(a;) 

sponding to the eigenvalue Ajv = A(7 + 1) satisfies formulas (11), for 
fc = 1, 2, n, where n = [g(2p — (3c? — 1 )to — ^c?3‘^ — 6)], 


$o(a;) = 0, $i(a;) 


E 

7i6r(p“) 


g*( 7 +t+ 7 i.a;) 

(I 7 + t - I 7 + 71 + t PO 


and <i)fe_i(a:) for k > 2 is a linear combination 0/e *for 
7 G r((A: — l)p“) U {0} with coefficients (61), (62). 


corre- 


Proof. By Theorem 3, formula (11) for fc = 1 is proved. To prove formula 
(11) for arbitrary k < n we prove the following equivalent relations 

^ |6(iV,7 + 7') |2=0(p-2fc«i), (56) 

7'er-=(fc-i) 


4.jv = ?>(A^,7)e*^''+‘’"^+ ^ 6(A^,7 + 7')e*(^+*+^'’")+i/fe(x), (57) 

7'er((fc-i)p-) 


where r‘^(j) = r\(r(jp“) U {0}) and |j Hk{x) ||= 0(p“^“i). The case fc = 1 is 
proved due to (14). Assume that (56) is true for k = j . Then using (57) for 
k = j, and (3), we have 'I'Ar(x)((;(a;)) = H{x) + 0{p~l°‘^ ), where H{x) is a linear 
combination of for 7 G r(jp“)U{0}. Hence {H{x), = 0 

for 7 G r°(j). So using (16) and (50), we get 


EI ^(^>7+7') p= EI 

7' 7' 


(0(p-^'“7,e*(T'+*+T''’"^)) 
An - I 7 + 7' + t P' 


|2=o(p-2a+i)«i)^ 


(58) 


where the summation is taken under conditions 7 G r'^(j), 7 + 7 ^ K. On the 
other hand, using a\ = 3a, (108), and the definition of n, we obtain 

^ |6(iV,7')P=O(p-"”“0. 

7'6^f\{7} 


This with (58) implies (56) for fc = j + 1. Thus (57) is also proved. Here b(N, 7) 
and b{N,^ + 7 ) for 7 G r((n — l)p“) can be calculated as follows. First we 
express b{N, 7 + 7 ) by b{N, 7). For this we apply (18) for b{N, 7 + 7 ), where 
7 G r((n — l)p“), that is, in (18) replace 7 by 7 + 7 . Iterate it n times and 
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every times isolate the terms with multiplicand b(N, 7 ). In other word apply (18) 
for b{N, 7 + 7 ) and isolate the terms with multiplicand b{N, 7 ). Then apply (18) 
for b{N, 7 + 7 — 7 i) when 7 — 71 yf 0. Then apply (18) for 

b{N, 7 + 7 ' - 7 *) when 7 ' - 7 * 7 ^ 0> etc. Apply (18) for 

b{N, 7 + 7 ' - ELi 7*) when 7 ' - ELi 7* 7 ^ 0, where ji G r(p“), 
j = 3,4,n — 1. Then using (4) and the relations 

I Aat— I 7 + t+ 7 — Ei=i 7 i ( see ( 20 ) and take into account that 

7 ' - Ei=i 7 * € r(pp“), since p > 2n), An = P{'^ + t) + 0(p“”“i), where 
P{l + 0 =1 7 + ^ ](7 + ^) ( see Theorem 3), we obtain 

n—1 

6 (iV, 7 + 7 ') = ^ Ak{i)b{N, 7 ) + 0(p-"“^), (59) 

where 

A ( ' \ 1 \ 

^ pij+1)— 1 7 + 7 ' +1 p' 1 7 +1P' — 1 7 + 7 ' +1P' 


Akh ) 


E 


Q71 Q'^2 • '' Q^k — i ^7^ —71 ~72 ~---~ 7 fe —1 

ato (^(7 + i)- I 7 + ^ + 7' - ELi 77 PO 


O(p-"“ 0 , 


^ |Ai(7*)P=0(p-"“^), E |Afc(77l=0(p-'=“^) (60) 

7 *Gr((n-l)p“) 7 *Gr((n-l)p“) 

for k > 1. Now from (57) for fc = n and (59), we obtain 
4-^(x) = 6(iV,7)e*(^+*’^4 

n — 1 

^ Y,{Ak{j*)m,l) + 0(p-"“7)e*(^+‘+^*’")) + H^x). 

7 *er((n-i)p“) fc=i 

Using the equalities || '^n II = 1) arg5(A^, 7 ) = 0 , || i7„ ||= 0(p“”“7 and taking 
into account that the functions i7„(a;), ( 7 * G r((n—l)p“)) 

are orthogonal, we get 

1 =1 6(fV,7) p +Er!(E 7 *Gr((n-i)p<^) I Afc(7*)KE7) P +0(p-"“7), 

n—1 

5(7V,7) = (1 + ^( ^ I Afc( 7 *) n)-U0(p-"“7) (61) 

k=i 7 *er((n-i)p“) 

(see the second equality in (60)). Thus from (59), we obtain 

n—1 n—1 

b{N, 7 + 7 ') = (^ Afc(7'))(l + E E I !')■" + 0 (p-”“^). (62) 

fe=i fc=i 7 * 

Consider the case n = 2. By (61), (60), (62) we have 6 (iV, 7 ) = 1 + 0(p“^“7i 
6 (iV ,7 + 7 ') = Ai( 7 ') + 0(p-2“i) = + O(p-"“0 

for all 7 G r(p“). These and (57) for fc = 2 imply the formula for $1 ■ 
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4 Simple Sets and Bethe-Sommerfeld conjecture 

In this section we construct a part of the simple set B in the neighbourhood of 
the surface Sp = {x & C/^(2p“i,p) : F{x) = where F{x) =| x p +Fk^-i{x) 
for a; = 7 + t is defined in (49) and in introduction ( see step 1). Due to 
(49) it is natural to call Sp the approximated isoenergetic surfaces in the non¬ 
resonance domain. As we noted in introduction ( see the inequality ( 12 )) the 
non-resonance eigenvalue A(7 -|- t), where A(7 + t) = A7v(7+t)(t) is defined in 
Remark 3, does not coincide with other non-resonance eigenvalue A(7 + t + b) 
if I F(7 -I- t) — F{'j + t + b) |> 2ei ior j + t + b G ,p) and b G r\{0} . 

Therefore we eliminate 

Ph = {x : x,x + b G U^{p^^ ,p), I F(x) — F{x + 6 ) |< 3ei} (63) 

for b G r\{0} from Sp. Denote the remaining part of Sp by Sp. Then we consider 
the e neighbourhood 

Us{S'p) = U^^g>^Usia)} of S'p, where Ue{a) = {x G R"* :| a; - a |< e}, 
and prove that in this set the first simplicity condition (12) holds (see Lemma 
2(a)). Denote by Tr{E) = { 7 -|-a; G Ue{S'p) ■.'jGT,xGE} and 

Trp*(E) = {j + X G F* : ^ G T,x G E} the translations of A C into 
Ue{Sp) and F* respectively. In order that the second simplicity condition (13) 
holds, we discard from Ug{Sp) the translation Tr{A{p)) of 

A{P) = Ufcli(U^i.72.....7;=er(pp“)(U-=i^fc.*(7i,72,-,7fe))), (64) 


where ...,7fc) = 

{x G (n,^=iKy^.(d“'‘)\-E^+i) n Kp : A,(a;) G (p^' - 3£i,p2' -b 3£i)}, 

\i{x), bi; is defined in Theorem 2 and 

Xp = {x G :|| X |< p«i}. (65) 

As a result, we construct the part Ue{Sp)\Tr{A{p)) of the simple set B (see 
Theorem 5(a)), which contains the intervals {a -I- : s G [—1,1]} such that 

A(a — b) < A(a + b) > p^* and A(7 + t) is continuous on this intervals. 
Hence there exists 7 -I- t such that A(7 -b t) = p^K It implies the validity of 
Bethe-Sommerfeld conjecture for L{l,q). 

Lemma 2 (a) If x G UgfSp) and x + b G U^{p°‘^,p), where b gT, then 

I F{x) — F{x -b 6) |> 2 £i, (66) 

where e = ■jipii-i ,Si = henee for j + t G Us{Sp) the first simplicity 

condition (12) holds. 

( 5 ) If X G Ue{Sp), then x + b ^ Ug{Sp) for all b gT . 

{c)If E C R*^ is bounded set, then p{Tr{E)) < p{E). 

(d) If E cUeiS'p), then p{TrF*{E)) = p{E). 
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Proof, (a) If X € Us{Sp), then there exists a point a in Sp such that 
X G Ue{a). Since SpD Pt = 9 ( see (63) and def. of Sp), we have 

I F(a) - J^(a + 5) |> 3ei (67) 

On the other hand, using (47) and the obvious relations 
|a;|<p+l, |a; — a|<£, |a; + 6 — a — 6 |<e, we obtain 

I F{x) - F{a) \< \ F{x + 6) - F{a + 6) |< (68) 

These inequalities together with (67) give (66), since < £i. 

(5) If X and a: + 6 lie in Ue{Sp), then there exist points a and c in Sp such 
that X G Ue(a) and x + b G Ue{c). Repeating the proof of (68), we get 

I F{c) — F{x + b) \< 3I/9^*“^£. This, the first inequality in (68), and the 
relations F[a) = p^\F{c) = (see the definition of Sp) give 
I F{x) — F{x + b) |< £i, which contradicts (66). 

(c) Clearly, for any bounded set E there are only finite number of the vectors 
7 i, 72,...,7 s such that E{k) = {E + 7^) C Ug{S'p) ^ 0 for A: = 1,2, ...,s and 
Tr{E) is the union of the sets E{k). For E{k) — jk we have the relations 
p.{E{k) - 7fc) = p,{E{k)), E{k) -^k C E. Moreover, by (6) 

{E{k) — 7fe) n {E{j) — jj) = 0 for A: j. Therefore (c) is true. 

(d) Now let E C Ue{Sp). Then by (6) the set E can be divided into finite 
number of the pairwise disjoint sets Ei, E 2 , ■■■, En such that there exist the 
vectors 71,72, -■,7n satisfying {Ek + jk) C E*, {Ek + jk) C {Ej + jj) yf 0 for 
k,j = 1, 2,..., n and k yf j. Using p{Ek + jk) = p{Ek), we get the proof of (d), 
because TrF*{E) and E are union of the pairwise disjoint sets Ek + jk and Ek 
for A; = 1,2,..., n respectively ■ 

Theorem 5 (a) The set Us{Sp)\Tr{A{p)) is a subset of B, hence if j +1 lies 
in this subset, then Theorem 3 and Theorem 4 hold. For every connected open 
subset E of Ue{Sp)\Tr(A(p) there exists a unique index N such that 

A(7 + t) = Aiv(i) for j + t G E, where A(7 + t) is defined in Remark 3. 

(b) For the part Vp = Sp\Us(Tr{A{p))) of the approximated isoenergetic 
surface Sp the following holds 

p{Vp) > (1 - cgp-‘^))p{B{p)). (69) 

Moreover, Ue{Vp) lies in the subset Us{Sp)\Tr{A{p)) of the simple set B. 

(c) The number p^^ for p ^ 1 lies in the spectrum of L{l,q{x)), that is, 

the number of the gaps in the spectrum of L{l,q{x)) is finite, where I > 1, 
q{x) G d > 2, So = ^^=^(3'^ + d + 2) + jd3‘^ + d + 6, and O is an 

arbitrary lattice. 

Proof, (a) To prove that Ue{Sp)\Tr{A{p)) C B we need to show that for 
each point 7 + A of Ue{Sp)\Tr{A{p)) the simplicity conditions (12), (13) hold 
and Ue{Sp)\Tr{A{p)) C U^{p°‘^,p). By lemma 2(a), the condition (12) holds. 
Now we prove that (13) holds too. Since 7 + A S Ug{Sp), there exists a G Sp 
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such that 7 + t G Ue{a). The first inequality in ( 68 ) and equality F{a) = 
imply 

F(7 + t)e (70) 

for 7 +1 G Ug{Sp). On the other hand 7 + t ^ Tr{A{p)). It means that for any 
G r, we have 7 ' +t ^ A{p). If 7 ' & K and 7 -ft G EWE}.^^, then by definition 
of K ( see introduction) the inequality | E{"f + t)— | 7 + t p|< holds. 

This and (70) imply that 7 +1 G (7?fc\7?^_i_i) H Kp ( see (65) for the definition 
oiKp). Since 7 ^ ^(p), we have Ai (7 +t) ^ (p^* — 3 £i,+ 3ei) for 7 G 

and 7 + t G EWE\_^-^. Therefore (13) follows from (70). Moreover, it is clear 
that the inclusion Sp C U^{2p°‘^ ,p) ( see definition of Sp and Sp) implies that 
U,{S'p) C C/Hp“Sp)- Thus U,iS'p)\TriA{p)) C B. 

Now let i? be a connected open subset of Us{Sp)\Tr{A{p) C B. By Theorem 
3 and Remark 3 for a G i? C Ug{Sp)\Tr{A{p) there exists a unique index N{a) 

such that A(a) = Ajv(a)(a), ^a(a;) = '^N{a),ai^)’ I (TAr(a),a(a;), p> 5 

and A(a) is a simple eigenvalue. On the other hand, for fixed N the functions 
A^it) and are continuous in a neighborhood of a if Ajs[{a) is 

a simple eigenvalue. Therefore for each a € E there exists a neighborhood 
U{a) C E of a such that | ( 5 'jv(a),y(a;), p> 5 , for y G U{a). Since for 

y G E there is a unique integer N{y) satisfying | ('l'jv(y).y(a;), p> 5 , we 

have N{y) = N{a) for y G U{a). Hence we proved that 

Vo G E,3Uia) C E : N{y) = N{a)yy G U{a). ( 71 ) 

Now let oi and 02 be two points of E , and let C C £1 be the arc that joins 
these points. Let U{yi),U{y 2 ), ■■■,U{yk) be a finite subcover of the open cover 
Ua^cU{a) of the compact C, where U{a) is the neighborhood of a satisfying 
(71). By (71), we have N{y) = N{y^) = Ni for y G U{yi). Clearly, if 

U{yi) n U{yj) ^ 0 , then Ni = N{z) = Nj, where z G U{yi) n U(jjj). Thus 
Ni=N 2 = ... = Nk and N{ai) = N{a 2 ). 

( 5 ) To prove the inclusion Ue{Vp) C Ue{Sp)\Tr{A{p)) we need to show that 
if a G Vp, then Ue{a) C Ue{Sp)\Tr{A{p)). This is clear, since the relations 
a G Vp C S'p imply that Ue(a) C Ue{S'p) and the relation a ^ Ue(Tr{A{p))) 
implies that Ug{a) n Tr{A{p)) = 0 . To prove ( 69 ) first we estimate the measure 
of Sp, Sp, U 2 e(,A{p)), namely we prove 

p{Sp) > (1 - ciop-“)p(B(p)), (72) 

p{S'p) > (1 - cnp-“)p(S(p)), (73) 

p{U2e{A{p))) = 0(p-“)p(i?(p))e (74) 

( see below. Estimations 1, 2, 3). The estimation (69) of the measure of the set 

Vp is done in Estimation 4 by using Estimations 1, 2, 3. 

(c) Since F{a) = p^* for a = (ai, 02 ,..., ad) = G Vp C Sp, it follows 

from (24) that p—1 <| a |< p+1, and there exists an index i such that | at \> ^p. 
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Without loss of generality it can be assumed that Ui > 0. Then (47) and (49) 
imply that F{a — eei) < p^^ — cnEi, F{a-\-eei) > p^^+cnei and A{a — eei) < 

A(o + eei) > Since A(7 + t) is continuous in Ue{a) C Ue{S'p)\Tr{A{p) ( see 
Theorem 5(a)), there exists y{a, i) e (o —eCj, a + eCj) such that A(y(a, i)) = p‘^K 
The Theorem is proved ■ 

In Estimations 1-4 we use the notations: G(-|-t,a) = {x G G,Xi > o}, 
G{—i, a) = {x G G, Xi < —a}, where x = {xi,X 2 , Xd), a > 0. It is not hard to 
verify that for any subset G of Us{Sp) U U2e{A{p)) , that is, for all considered 
sets G in these estimations, and for any x G G the followings hold 

p-l<\x\< p+1, G C {uf^i{G{+i,pd-^)UG{-i,pd-^j) (75) 

Indeed, if a; G Sp, then F{x) = p^^ and by (24) we have | a; |= p -I- 0{p~^~°‘^). 
Hence the inequalities in (75) hold for x G Ug{Sp). If a; G A{p), then by definition 
of A{p), we have x G Kp, and hence | x |= p -|- 0(p“^+“i). Therefore the 
inequalities in (75) hold for x G U 2 e{A{p)) too. The inclusion in (75) follows 
from these inequalities. 

If G C Sp, then by (47) we have > 0 for x G G(-|-fc,p““). Therefore 
to calculate the measure of G{+k, a) for a > p~°‘ we use the formula 


p(G(+k,a)) 



Prk(G(+k,a)) 


I grad(F) \ dxi...dxk-idxk+i---dxd, 


(76) 


where Prfc(G) = {(xi, X2,..., Xfc_i, x^+i, Xfc+2,..., Xd) : x G G} is the projection 
of G on the hyperplane Xk = 0. Instead of Prfc(G) we write Pr(G) if k is 
unambiguous. If D is s—dimensional subset of R®, then to estimate p{D), we 
use the formula 


p{D) = J p{D{xi,...Xk-i,Xk+i,-;Xs))dxi...dxk-idxk+i...dxs, (77) 
PrH£>) 

where L>(xi, ...Xfc_i, Xfc+i,..., x^) = {xk : (xi, X2, ..., x^) G D). 

ESTIMATION 1. Here we prove (72) by using (76). During this estimation 
the set Sp is redenoted by G. Eirst we estimate p(G(-|-l,a)) for a = p^““ by 
using (76) for fc = 1 and the following relations 

= l\x (2x1 + 0(p-2“)) (78) 


dF 

dxi 





—+0(p-“), (79) 
xi 


Pr(G(-hl, a)) D Pr(A(-hl, 2a)), (80) 

where x G G(-|-l,a), A = B{p) n [/^(3p“bp), B{p) = {x G :| x |= p}. The 
estimations (78) and (79) follow from (47). Now we prove (80). If 
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{x 2 ,---,Xd) € Pri(A(+l, 2a)), then there exists xi such that 


xi > 2 a = 2 p^ x^ + X 2 + ■■■ + = P^, I '^{ 2 xibi - b^) |> (81) 

i>i 


for all {bi,b 2 , ■■■, bd) € r(pp“). Therefore for h = p we have 

(a;i + h)^ + x\ + ... + x^q> p^ + p““, {xi - Kf + + ... + x"^ < p^ - p““. 

These inequalities and (24) give 

F{xi+h^ X 2 , ..., Xd) > F{xi —h, X 2 , ..., Xd) < p^^. Since T’ is a continuous 
function, there exists yi G {xi — h,Xi + h) such that 

yi > a,F{yi,X 2 ,...,Xd) = p'^'^, \ 2yibi - bf+ '^{2x,b, - bi) \> 2p°‘\ (82) 

i>2 


because the expression under the absolute value in (82) differ from the expression 
under the absolute value in (81) by 2 (yi — xi)bi, where | yi — \< h = p“, 
bi < pp“, I 2{yi — xi)bi \< 2pp^°‘ < The relations in (82) means that 
{x 2 ,...,Xd) G PrG'(+l,a). Hence (80) is proved. Now (76), (79), and the obvious 
relation ^(PrG(+l,a)) = 0{p‘^~^) ( see the inequalities in (75)) imply that 


p{G{+l,a)) — j 

Pr(G(+l,a)) 



=dx2dx3...dxd+0{\)p{B{p)) 

P 


=dx2dx3...dxd - C 12 P °‘p{B{p)) 

'd 

= m(- 4(+1, 2a)) - C 12 P~°‘p{B{p)). 

Similarly, /i(G(—l,a)) > p{A{—l,2a)) — ci 2 P~°‘p{B{p)). Now using the inequal¬ 
ity p{G) > p{G{+l, a)) -I- ^(G(-l, a)) we get 

p{G) > p{A{—l, 2a)) + ^(H(-|-l, 2a)) — 2 ci 2 p~°‘p{B{p)). On the other hand 
it follows from the obvious relation 

p{{x G B{p) : —2a < xi < 2a}) = 0{p~°‘)p{B{p)) that 
p{A{—l, 2a)) + ^(H(-|-l, 2a)) > p(A) — ci 3 p~°'p{B{p)). Therefore 
p{G) > p{A) — ci 4 p~°‘p{B{p)). It implies (72), since 
pIa)) = (1 -f 0{p-°^))p{B{p)) (see (45) ). 

ESTIMATION 2 Here we prove (73). For this we estimate the measure of 
the set 5'p n Pfe ( see (63)) by using (76). During this estimation the set Sp n Ft 
is redenoted by G. We choose the coordinate axis so that the direction of b 
coincides with the direction of ( 1 ,0, 0,..., 0), i.e., b = (5i, 0,0,..., 0) and bi > 0. 
It follows from the definitions of Sp, and F{x) ( see the beginning of this 
section and (63)) that, if {xi,X 2 , .--jXd) G G = SpD Pt,, then 

(xi + X 2 + ... + x^df + A'fej_i(x) = p^^, (83) 

((xi — bi)^ + x\ + x\f ... + x'^y I- Pfcj_i(x + b) = p^’’ + h, (84) 


> 


Pr(A(-|-l,2a)) 


Vp'^-xI-xI- ... - 
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(85) 

( 86 ) 


where h G (—3£i,3ei), and by (24), it follows that 

{xl +xl + xl + ... + xl) = + 0(/5““i) 

((xi — 5i)^ + X2 + x^ + ... + x"^) = + 0{p “’^). 

Subtracting (85) from (86), we get 

(2x1 - 6i)5i = O(p-“0. (87) 

Now (87) and the inequalities in (75) imply 

I 5i |< 2p + 3, a^i = Y - (jf 1= O(p"“0 (88) 

Consider two cases. Case 1: 6 G Fi, where Fi = {6 G F :| — ( y )^ I< 3dp“^“}. 

In this case using ai = 3q;, the last equality in (88), and (85), we obtain 

xl = p^+ 0(p-2“), I Xl 1= p + 0(p-2“-i), x^ + x^ + ... + xl = 0{p-^n. (89) 

Therefore G C G'(+l, a) U G)—1, a), where a = p — p~^. Using (76), the relation 
p(Pri(G(+l,a)) = 0(p-(''-i)“) (see the last equality in (89)) and taking into 
account that the expression under the integral in (76) for fc = 1 is equal to 
1 + 0(p““) (see (79) and (89)), we get p(G(+l,a)) = 0(p“('^“^)“). Similarly, 
p(G(-l,a)) = 0(p-(‘^-i)“). Thus p(G) = Since | Fi |= O(p'^-i), 

we have 


p(U,er, {Sp n n) = o(p-(-'-i)“+-^-i) = 0(p-“)p(i?(p)). (90) 

Case 2: 6 ^ Fi. Then using (88), (85), and ai = 3a, we get 

d 

I Xl — p^ |> 2 dp~^°‘, ^ xl > dp~'^°‘, max | Xk \> p~“. (91) 

k=2 ~ 

Therefore G C Ufc>2(G(+fc, p““)UG(—A:, p““)). Now we estimate p(G(+d, p““)) 
by using (76). Redenote by D the set Pr^ G(+d, p““). If x G G(+(i, p““), then 
according to (85) and (47) the under integral expression in (76) for k = d is 
Q(pi+a)_ Therefore the first equality in 

p{D) = 0(ei 16 1-1 P‘1-2), p(G(+d, p-“)) = 0(p‘i-i+“ei | 6 pi) (92) 

implies the second equality in (92). To prove the first equality in (92) we use 
(77) for s = d — 1 and A: = 1 and prove the relations p(Pri D) = 0{p‘^~‘^), 

p(£>(x 2, X3,..., Xd_i)) < 6 £i I 6 |-i (93) 

for (x2, X3,..., Xd-i) G Pri D. First relation follows from the inequalities in (75)). 
So we need to prove (93). If xi G I?(x2,X3, ...,Xd_i) then (83) and (84) hold. 
Subtracting (83) from (84), we get 

((xi - 6 i )2 +xl+xl + ... + xlY - {{xj + x^ + x^ + ... + xlY 


23 



+Fki-i{x - b) - Fki-i{x) = h, (94) 

where X 2 , X 3 ,Xd-i are fixed . Hence we have two equations (83) and (94) with 
respect to two unknown xi and Xd- Using (47), the implicit function theorem, 
and the inequalities \xd\> p~°‘, ai > 20 from (83), we obtain 


Xd = f{xi), 


dxi 


2xi +0(p-2“i+“) 
2a;d + 0(p-2“i+“) 


Substituting f{xi) for Xd in (94), we get 


(95) 


{{xi - bif +xl+xl + ... + f{xi)y - {{xl + xl+xl + ... + f{xi)y + 


Fk^_i{xi - bi,X2,...,Xd-i,f{xi)) - Fk^_i{xi,...,Xd-i,f) = h (96) 

Using (47), (95), the first equality in (88), and | Xd \> we see that the 
derivative (w.r.t. xi) of the right-hand side ai{x) of (96) is 

= l\ x-b {2{xi - bi) + 2f{xi)f'(xi)) (97) 

UXi 

-I I X |2('-1) (2X1 + 2/(xi)/'(xi)) + 0(p-2“i+“)(l - £i±g(£;^). 

If ? = 1, then using the first equality in (88) and | x^ |> p““, we get 


daijx) 

dxi 


\>b,=\b 


If ^ > 1, then it follows from (83), (84), and (24) that 


(98) 


I a; p2d-l)(l + 0(p-2*-«i))i^ = p2d-l) + 0(p-2-«i) 

\x-b | 2 ('- 1 )= ^ ^ ^2(1-1) ^ 

Using these in (97) and arguing as in proof of (98) for ^ = 1, we get the proof 
of (98) for ? > 1. Thus, in any case (98) holds. Therefore from (96), by using 
the implicit function theorem, we get | T^' inequality and relation 

h e (—3si,3si) imply (93). Hence (92) is proved. In the same way we get the 
same estimation for G'(-|-fc,p““) and G(—k,p~'^) for k > 2. Thus 

plSpClP/,) = 0(p‘^“^+“£i I b 1“^) for b ^ Ti. Since ei = p~'^~‘^°‘, \ b \< 2p + 3 
( see (88)), using that the number of the vectors of T satisfying | 6 |< 2p -|- 3 is 
0{p'^), we get n Pb)) = 0{p'^'^~^+°‘ei) = 0{p~°‘)p{B{p)). Therefore 

(90) and (72) imply the proof of (73). 

ESTIMATION 3. Here we prove (74). Denote C/2e(Afcj (71^72, ...,jk)) by G, 
where 71,72, € r(pp“), k < d — 1, and A^j is defined at the beginning of 

this section. We turn the coordinate axis so that 
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S'pan{7i,72,--.Tfe} = {x = (xi, 0 : 2 , Xfc, 0,0,0) : xi,X 2 ,-;Xk G M}. 
Then by (35), we have Xn = for n < fc, a; G G. This, (75), and 

o-k + {k — V)a < 1 ( see the sixth inequality in (15)) give 
G C (Ui>fc(G(+i, pd-^) U G{-i, pd-i)), 

/i(Pri(G(+i,pc?“^))) = (9(p*(“»=+('=-i)“)+(<i-i-fc)) for i > k. Now using this 
and (77) for s = d, we prove that 

piGi+i, pd-^)) = > k. (99) 

For this we redenote by D the set G{+i, pd~^) and prove that 

p{{D{xi,X 2 , ...x^-i,Xi+i,...Xd)) < (42d^ + 4)e (100) 

for (xi,X2, ...Xi-ijXi+i, ...Xd) G FTi{D) and i > fc. To prove (100) it is sufficient 
to show that if both x = {xi,X 2 , Xi, ...Xd) and x = {xi,X 2 , x ^,..., Xd) are 

in D, then \ Xi — x^ \< (42c?^ + 4)£. Assume the converse. Then 

\ Xi — x^ \> {42d^ + 4)e. Without loss of generality it can be assumed that 
Xi > Xi- So Xi > Xi > pd~^ ( see definition of D). Since x and x lie in the 2e 
neighborhood of Akj, there exist points a, a in Akj such that 

I a; — a |< 2£ , I a; — a |< 2£. It follows from the definitions of the points x, 
X , a, a that the following inequalities hold: 

pd~^ — 2£ < Oi < Oj, tti — Ui > A2d^e, (101) 

{a'if - > 2(pd~^ - 2£)(a' - Oi), 

II I - I ||< 4£,Vs i. 

On the other hand the inequalities in (75) hold for the points of Akj , that 
is, we have | a.s |< p + l,| |< p + 1. Therefore these inequalities and the 

inequalities in (101) imply || p — | a,, p|< 12p£ for s ^ i, and hence 

II - I al P|< 12fip£ < ^pd-^(a- - a,), 

II a P - I a n> I a) - Oi I . (102) 

Moreover, using mean value theorem and the relations 
I a 1= p + 0(1), I o' 1= p + 0(1) ( see (75)), we get 

\af^-\a lip + O(l))20-i))(| a\^-\a ^ (103) 

Let Tiix) = Xi{x)— I X where Ai(a;) is the eigenvalues of the matrix G(a:) 
defined in Theorem 2. Hence ri(a;) < ■r 2 (a;) < ... < Vk^ix) are the eigenvalues of 
the matrix C (a;), where C (a;) = C{x)— \ x p* I. By definition of G (x) only 
diagonal elements of the matrix G (x) depend on x and they are 

I X — di p* — I X p, where di = hi+ t — j — t€Bk + r(pip“). Clearly, 

I di |< I rj(a ) - Tjia) |<|| G (a ) - G (a) ||= max | a*y |, (104) 

I 
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where C' (a) — C' (a) = (aij), ai^i =| a p — | a — di p* — | o' p* + | a' — di p*, 
and Qij = 0 for i ^ j, that is, C (x) — C (x ) is a diagonal matrix. Now we 
estimate | Oi^i | . Using mean value theorem and the relations | o |= p + 0(1), 

I a |=p + 0 (l), |a — (ii|=p + 0 (p 5 “<i)Ja —gj. |=p_|_(9(p5«d)^-vve obtain 

a,,,=/(p + 0 (p^“^)) 2 ('-i)(|a| 2 -|o' n- 

lip + 0(p5“^))2d-i) Qa-dif -\a - di I") = 

lip + 0(p5“^))2d-l) (I „ |2 _ I ^ |2 _ I |2 ^ I | 2 )^ 

0(p5«rf+2J-3)(| a |2 _ I a' |2)_ 

Since | o p — | o — p — | o p + | o — di p= 2(a — a , di), we have ( see 
(104)) I rj{a) — rj{a ) \< | a — o' | —|| o ^ — | o' p| . 

Therefore using < 1, (103), (102), (101) and Ai(x) = ri{x)+ \ x p*, we 
obtain 

I ) l>ll a P' - I a P'l - I o(a) “ ^jia) \> 


lp^^~^d~^ I Qi — ai \> lp^'‘~^A2de > 6ei, which contradicts the fact that 
both Aj(o) and Xj{a ) lie in (p^ — 3ei,p^ + 3ei) ( see the definition of A^j). 
Thus (100), hence (99) is proved. In the same way we get the same formula for 
G(-f,f). So p(C/ 2 e(Alfe,,(71.72,...,7fe))) =0(£p'=(“'=+('=-i)“)+''-i-'=), where 
j = l,2,...,6fc(7i,72,...,7fc), and 71 , 72 ,-■,7fc G r(pp“). From this using that 
bk = 0 (p'^“+ 2 “*^+i) ( see (43)) and the number of the vectors ( 71 , 72 , •■•, 7 fc) for 
71 , 72 , ..., 7 fc G r(pp“) is 0(p''''“), we obtain (74) if 

da + |afe+i + dka + k{ak + {k — 1 )q;) + d —1 — fc<d —1 — aor 

k 

(d + \)a + —ak+i + dka + k{ak + (fc — !)«) < k (105) 

for \ < k < d — 1. Dividing both side of (105) by ka and using ak = i^a, 
a = ^,TO = 3‘^ + d + 2 ( see the end of the introduction) we see that (105) is 

equivalent to ^ ^ + 3'= + A:-l< 3*^ + 2 

The left-hand side of this inequality gets its maximum value at fc = d — 1. 
Therefore we need to show that _|_ | 3 <i _|_ < 3 <i _|_ 4 . which follows from the 

obvious inequalities 7 ^ < 3, d < 13^^ -|- 1 for d > 2. 

ESTIMATION 4. Here we prove (69). During this estimation we de¬ 
note by G the set S'p n [/e(Tr(A(p)). Since Vp = S'p\G and (73) holds, it 
is enough to prove that p{G) = 0(p““)p(H(p)). For this we use (75) and 
prove p(G(-|-i,pd“^)) = 0(p““)p(H(p)) for i = l,2,...,d by using (76) ( the 
same estimation for G(—i,pd“^) can be proved in the same way). By (47), 
if X G G(-|-i, pd“^), then the under integral expression in (76) for fc = i and 
a = pd~^ is less than d -I- 1. Therefore it is sufficient to prove 

p(Pr(G(+*, pd-i)) = 0(p-“)p(i?(p)) (106) 
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Clearly, if {xi,X 2 , ...Xd) € Pri(G(+i,pd ^)), then 

^{Ue{G){xi,X 2 T--Xi-i,Xi+i, ...Xd)) > 2£ and by (77), it follows that 

KUe{G)) > 2£Ai(Pr(G(+i, pd-^)). (107) 

Hence to prove (106) we need to estimate p.{Ue{G)). For this we prove that 

U,{G) C U,{G) C U2e{Tr{Aip))), U,{G) C Tr{U2s{A{p))). (108) 

The first and second inclusions follow from G C Sp and G C Ug{Tr{A{p))) 
respectively (see definition of G ). Now we prove the third inclusion in (108). 
If a; e Ug{G), then by the second inclusion of (108) there exists b such that 
b e Tr{A{p)), I a; — 6 |< 2£. Then by the definition of Tr{A{p)) there are 7 G P 
and c G A(p) such that 6 = 7 + 0 . Therefore | a; — 7 — c | = | a: — 6 |< 2£, 

X — 7 G U 2 e{c) C U 2 e{A{p)). This together with x G Ue{G) C Ue{Sp) (see 
the first inclusion of (108)) give x G Tr{U 2 e{A{p))) , i.e., the third inclusion in 
(108) is proved. The third inclusion, Lemma 2(c), and (74) imply that 
p,{Us{G)) = 0{p~°‘)p{B{p))e. This and (107) imply the proof of (106)0 
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